Numerical results on non-factorizable corrections to e + e − → WW → 4 fermions with semi-leptonic and hadronic final states, as well as to e + e − → ZZ → 4 fermions, are presented. The corrections turn out to be small in comparison to the experimental uncertainty of LEP2, but they might compete with the expected accuracy at future e + e − -colliders.
In order to match the experimental accuracy of roughly 1% at LEP2, the precision of the predictions for the cross sections of e + e − → 4 fermions should be at, or rather exceed the per-cent level. This precision requires us to go beyond the narrow-width approximation for W-and Z-boson-pair production as well as to include electroweak radiative corrections. For general aspects and further details of the strategy for such precision calculations we refer to review articles [1] .
The full electroweak O(α) corrections to e + e − → WW, ZZ → 4 fermions are not known and will not be available in the near future. A few decay widths above the threshold for gauge-boson-pair production these corrections should be sufficiently well described by the so-called double-pole approximation, which consists of taking into account only those contributions that are enhanced by two resonant W or Z bosons. In this approximation the O(α) corrections can be separated into factorizable and non-factorizable corrections. The former can be associated either with the gauge-boson-pair production or the gaugeboson decay subprocesses and are well-known. The latter include the corrections in which the two W-or Z-boson resonances are not independent; they are due to the exchange of soft photons between the different subprocesses. The non-factorizable corrections have recently been discussed in the literature [2, 3, 4] .
In this letter we supplement our results on non-factorizable corrections presented in Ref. [4] , which agree 1 analytically as well as numerically with those of Ref. [3] . We start by briefly recalling the salient features of the non-factorizable corrections. Already before their explicit calculation it was known [5] that they are non-vanishing only if not both invariant masses of the W or Z bosons are integrated over, i.e., for instance, that they do not influence total cross sections.
In Ref. [4] we explained why the actual form of the non-factorizable corrections is non-universal in the sense that it depends on the choice for the parametrization of phase space for the real photonic corrections. We have adopted the usual choice and taken the invariant masses of decay fermion pairs as independent variables. Since all corrections that are related to the initial state drop out, the corrections neither depend on the gaugeboson-pair production angle nor on the initial state itself.
The non-factorizable corrections to the processes
(V 1 V 2 = WW, ZZ) are proportional to the lowest-order differential cross section:
and the relative correction factor can be written as [4] 
where Q i (i = 1, 2, 3, 4) denotes the relative charge of fermion f i . The function ∆ is explicitly given in Ref. [4] and has the symmetry
In all numerical evaluations up to now, only the purely leptonic process e + e − → WW → ν ℓ ℓ + ℓ ′− ν ℓ ′ has been considered. In this case the non-factorizable corrections are of the order of 1% in the LEP2 energy range, but rapidly tend to zero for higher energies. The corrections to the single-invariant-mass distributions dσ/dM ± are identical and shift the peaks of the distributions by an amount of 1-2 MeV for typical LEP2 energies, which is in fact negligible at LEP.
The invariant-mass distributions for the hadronic decay channels are of particular importance for the reconstruction of the W-boson mass from the W-boson decay products. The non-factorizable corrections to the invariant-mass distributions are different for different final states and in general also for the intermediate W + and W − bosons.
2 The invariant-mass distributions to the intermediate W ± bosons coincide only if the complete process is CP-symmetric. In this context, CP symmetry does not distinguish between the different fermion generations, since we work in double-pole approximation and neglect fermion masses; in other words, the argument also applies to final states like ν e e + µ −ν µ and udsc, which are not CP-symmetric in the strict sense. Thus, we end up with equal distributions for the W ± bosons in the purely leptonic and purely hadronic channels, respectively, but not in the semi-leptonic case. Figure 1 shows the non-factorizable corrections to the single-invariant-mass distributions for leptonic, hadronic, and semi-leptonic final states at various centre-of-mass energies 3 . We observe the same qualitative features for all final states; the corrections are positive below resonance and negative above. Quantitatively the differences between the corrections to the different final states are small; we note that the slopes of the corrections on resonance, which are responsible for the shift in the maximum of the distribution, are maximal for the leptonic final state. Therefore, we conclude that the W-boson mass determination by invariant-mass reconstruction at LEP2 is not significantly influenced by non-factorizable corrections.
The authors of Ref. [3] have also calculated [7] the non-factorizable corrections to the single-invariant-mass distributions shown in Fig. 1 for √ s = 172 GeV and 184 GeV.
They find good agreement with our results for positive invariant masses. However, their corrections are antisymmetric and therefore differ from our results for negative invariant masses. The differences are of the order of non-doubly-resonant corrections and due to different parametrizations of the corrections. For a discussion of these differences we refer to Ref. [4] . In our discussion of the non-factorizable corrections to e + e − → WW → 4 leptons in Ref. [4] we also investigated their influence on various angular and energy distributions with fixed invariant masses for the final-state fermion pairs. We have repeated this analysis 2 In Ref. [3] and in the preprint version of Ref. [4] it has been argued that the relative non-factorizable corrections to pure invariant-mass distributions are identical for all final states in e + e − → WW → 4 fermions and vanish for Z-pair-mediated four-fermion production. This was deduced from the assumption that (up to charge factors) the non-factorizable corrections become symmetric under the separate interchanges k 1 ↔ k 2 and k 3 ↔ k 4 after integration over all decay angles. Although the function ∆ for the relative correction has this property, this assumption is not correct, because the differential lowest-order cross section is not symmetric under these interchanges. for hadronic and semi-leptonic final states and found corrections of the same order of magnitude, viz. of typically 1% at LEP2 energies.
For the production channels via a resonant Z-boson pair, e + e − → ZZ → 4 fermions, we have f 1 = f 2 and f 3 = f 4 . Owing to Bose symmetry the lowest-order cross section dσ Born is invariant under the set of interchanges (k 1 , k 2 ) ↔ (k 3 , k 4 ). This symmetry, which is respected by the non-factorizable corrections [see (4) ], implies that the single-invariantmass distributions to each of the final-state fermion pairs of the two Z-boson decays are equal. CP invariance leads to the additional symmetry with respect to (p + , k 1 , k 2 ) ↔ (p − , k 4 , k 3 ); after integration over the Z-pair production angle this substitution reduces to (k 1 , k 2 ) ↔ (k 4 , k 3 ). In view of non-factorizable corrections it is also interesting to inspect the behaviour of dσ Born under the replacements k 1 ↔ k 2 and k 3 ↔ k 4 separately, since terms in dσ Born that are symmetric in at least one of these substitutions do not contribute to dσ nf if all decay angles are integrated over. This is a direct consequence of the antisymmetry of δ nf in each of the substitutions k 1 ↔ k 2 and k 3 ↔ k 4 , which follows from (3) and
In order to study the behaviour of dσ Born under the replacements k 1 ↔ k 2 and k 3 ↔ k 4 , it is convenient to consider the helicity amplitudes for the two signal diagrams for e + e − → ZZ → 4 fermions, which contain two resonant Z-boson propagators. These amplitudes are proportional to the right-and left-handed couplings g ± i = v i ∓ a i of each fermion f i = f 1 , f 3 to the Z boson. As can be seen from the explicit form of the amplitudes, the substitution k 1 ↔ k 2 transforms the helicity amplitudes to those with reversed helicities of the fermions f 1 andf 2 =f 1 apart from changing the couplings g
Therefore, the differential lowest-order cross section, i.e. the squared helicity amplitudes summed over all final-state polarizations, can be split into two parts: one is symmetric in k 1 ↔ k 2 and proportional to [(g
2 + (g 2 − (g
2 ]/2 = 2v 1 a 1 . The analogous reasoning applies to the substitution k 3 ↔ k 4 . After performing the angular integrations, we finally find that the lowest-order cross section is proportional to (v 1 a 1 Q 3 v 3 a 3 , where the charge factors Q i stem from the correction factor δ nf . Comparing pure invariant-mass distributions for different final states, the ratios of the non-factorizable corrections should be of the same order of magnitude as the ratios of the corresponding coupling factors,
The factors F take the following values: 
where ℓ, u, d generically refer to leptons, up-type quarks and down-type quarks, respectively. The reason for the smallness of the factors F is different for leptons and quarks: for leptons the suppression is due to the small coupling v i to the vector current, for quarks the factor F is reduced by the relative charges Q i . Figure 2 shows the non-factorizable corrections to the single-invariant-mass distributions dσ/dM 1,2 , where M 1,2 denote the invariant masses of the first and second fermionanti-fermion pairs, respectively. The ratios of the different curves are indeed of the order of magnitude of the ratios of the factors F given in (6) . For equal signs of Q 1 and Q 3 the shape of the corrections is similar to the shape of the corrections to e + e − → WW → 4 fermions, for opposite signs of Q 1 and Q 3 the shape is reversed. The corrections by themselves are very small and phenomenologically unimportant. The smallness of these corrections can be qualitatively understood by comparing the factors F of (5) for the ratios of the couplings with the corresponding one for the W-pair-mediated processes. For e + e − → WW → 4 leptons we simply have F = 1, because in the LEP2 energy range the purely left-handed t-channel diagram dominates the cross section, and no systematic compensations are induced by symmetries. Therefore, the factors in (6) should directly give an estimate for the suppression of δ nf for e + e − → ZZ → 4 fermions with respect to four-lepton production via a W-boson pair. Comparing the corrections for energies with the same distance from the respective on-shell pair-production thresholds, i.e. the curve for √ s = 184 GeV in the W-boson case ( Fig. 1) with the curves for √ s = 192 GeV in the Z-boson case (Fig. 2) , we find reasonable agreement with our expectation. The authors of Ref. [3] have reproduced the corrections shown in Fig. 2 with good agreement [7] . Finally, we inspect the impact of non-factorizable corrections to some angular distributions in Z-pair-mediated four-fermion production for fixed values of the invariant masses M 1,2 . Since the presence of the suppression factor F relies on the assumption that the phase-space integration is symmetric under k 1 ↔ k 2 and k 3 ↔ k 4 , this suppression in general does not apply to angular distributions. However, partial suppressions occur, e.g., if the integration is still symmetric under one of these substitutions and, in particular, for quarks in the final state because of their smaller charges. Two examples for angular distributions without any suppression are illustrated in Fig. 3 for the purely leptonic final 
for fixed values of the invariant masses M 1,2 and √ s = 192 GeV.
The angle φ is defined by the two planes spanned by the momenta of the two fermion pairs in which the Z bosons decay,
and θ µ + τ − denotes the angle between the momenta of the µ + and the τ − , respectively. The shapes of the curves in Fig. 3 , specifically the curves for the distribution in cos φ, nicely reflect the approximate anti-symmetric behaviour in the angular dependence, which leads to the suppression in the invariant-mass distributions. The size of the corrections turns out to be at the level of a few per cent, i.e. they are not necessarily negligible in precision predictions. Note, however, that the cross section for Z-pair production is only one tenth of the W-pair production cross section.
In conclusion, we find that the non-factorizable corrections to W-pair production are not identical but similar for all final states and negligible compared to the LEP2 accuracy. In the case of Z-pair production, the corrections are smaller for the invariant-mass distribution, but larger for some angular distributions. In view of the smallness of the cross section for Z-pair production, even these relatively large corrections are not relevant for LEP2. The size of the non-factorizable corrections might, however, compete with the expected experimental accuracy of future e + e − -colliders with higher luminosity.
